Let & denote the set of all n x n doubly stochastic matrices, and let ok(A) be the sum of all subpermanents of order Ic of matrix A. We prove that az(A) and OS(A) are convex on 0,, for n 2 2 and n 2 4, respectively, and also conjecture the following: For every k 2 3 there exists nk 2 k + 1 such that the inequality gk ((YJ% + (1 -cx)A) 5 cwk(Jn) + (1 -cr)gk (A) holds for all o E [0, l] and all A E C12, with n 2 nk, where J, = (l/n)c,__1 E R,. It is shown that this conjecture is true for k 5 4 with n3 = 4 and n4 = 6.
INTRODUCTION
Let R, denote the set of all n x n doubly stochastic matrices, 1, be the n x n identity matrix, and J, = (l/n)ljzl E R,, the matrix each of whose entries equals l/n. We also denote by Q(A) the sum of all subpermanents of A of order k-, 1 2 Ic 2 n. In particular, gn(A) = per(A), and al(A) = n if A E R,.
It is well known that the permanent function is not convex on R, for n 2 3, and that it is convex on & (see [I] and [18] , for example). However, some weaker relations than those for convex functions have been established. For example, Brualdi and Newman [l] showed that for all cy E [0, l] and A E R, per(oJ?% + (1 -CY)A) 5 LY + (1 -cr) per(A). 
for all Q: E [0, l] and A E R,, and conjectured that the only stars for n > 3 are permutation matrices. This conjecture remains unsettled.
The following characterization of stars is due to Brualdi and Newman 
holds for all A E St,, where A, denotes the (n -1) x (n -1) matrix obtained by deleting the ith row and jth column of A. (In fact, it was shown in [l] that in this characterization the inequality (3) is necessary, and that it is sufficient with the assumption that equality in (3) occurs only if A = B. However, this assumption can be removed. For further discussions see Section 2.) Brualdi and Newman [l] also showed that J3 is not a star. Wang [22] noted that letting A = (I, + P,)/2 [ w h ere P,, is the full-cycle permutation matrix corresponding to the full cycle (12. . . n)] in (3) shows that if B is a star, then per(B) 2 21Vn. Hence, J,, is not a star for n > 3. Lih and Wang [ll] conjectured that per(crJ, + (1 -a)A) 5 crper(J,) + (1 -a)per(A) (4) for Q E [i , l] and A E R,. They proved (4) for n = 3, and also in the particular case (Y = i and n = 4 (see also [4] ).
Hwang [8] conjectured that the permanent function is convex on the straight line segment joining J, and (J, + A)/2 for all A E R, and proved it for n = 3 (see also Remark 4 in Section 4). It is fairly natural to inquire whether (Tk has properties similar to (l)- A further discussion of the properties of ck is the main subject of this note.
PROBLEMS, CONJECTURES, RESULTS
Following Wang, we introduce the following convention. Let F be a function defined on 0,. We call a matrix B E iI,, an F-star if it satisfies the inequality F(crB + (1 - 
for all (Y E [0, l] 
a=0 cr=o
Therefore, using (ll), (12), and the last equality, we have
The contradiction obtained verifies the validity of the lemma.
??
In this paper we investigate the case k _< 3 and obtain some partial results for k > 3 and B = J,. Namely, the following theorems are proved.
The functions ~72 (A) and 0s (A) are conwex on C12, for n 2 2 and n 1 4, respectively.
THEOREM 2 (Ic = 4).
(i) For any n 2 6 the matrix J,, is a ad-star.
(ii) For n = 5 the following inequality is valid for cy E [0.43, l] and all A E 0,:
Recall that Jn is not a as-star (ad-star) for n = 3 (n = 4), and therefore these cases are excluded from the assertions of the theorems. Theorems 1 and 2 give some support to the following conjecture (the case k = 2 is not considered because of its triviality). 
holds for all CY E [O, l] and all A E R, with n 2 nk. In other words, the matrix J, is a ak-star for suficiently large n.
Using the characterization (6) and the identity
we can rewrite Conjecture 1 in the following equivalent form: CONJECTURE 1'. For every k > 3 there exists nk 2 k + 1 such that for all A E R,, n 2 nk, the following inequality holds:
It follows from Theorems 1 and 2 that the conjecture is true for k = 3 (n3 = 4) and k = 4 ( 724 = 6) . The question about the validity of (14) and (16) CONJECTURE (Holens [7] and Dokovic [3] ). 
The Holens-DokoviC conjecture is known to be true for k < 3 [3] and k = 4, n 2 5 [lo]. It is equivalent to the assertion that the function ok(0.L + (1 -@A) is decreasing in the interval [0, 11. This assertion is known as the monotonicity conjecture and was partially resolved for some special classes of matrices (see [6, 9, 12, 16, 181, and [19] , for example). It follows from the above-mentioned result of Malek [15] that Conjecture 1 (1') is valid for normal matrices in 0, all whose eigenvalues lie in the sector [-x/2k, x/2k ] of the complex plane. In fact, the following stronger result can be easily proved (note that we do not require the condition k 5 n -1).
THEOREM 3. Let A E i12, be normal and 2 5 k 2 n. If all eigenvalues of A lie in the sector [-n/2k, 7r/2k] of the complex plane, then the following inequality holds for all a E [0, 11: og.k(J,J + (1 -a)mc(A) -a/c(cxJn + (1 -a)A) (19)
Using (7), (8), (i5), and (19), one immediately gets.
COROLLARY 1. If A satisfies the hypotheses of Theorem 3, then the following inequality holds:

COROLLARY 2. If A satisfies the hypotheses of Theorem 3 and A # J,, then
Finally, we remark that it is straightforward to check that the function
Fk(A) := (k -l)uk(A) -
has a strict local minimum at J,. Thus, it follows from Theorem 3 of [lo] that if all entries of an Fk-minimizing matrix A on s1, are positive, then A = J,. Section 3 contains proofs of Theorems 1-3. Some relevant remarks concerning Conjecture 1 (1') are given in Section 4.
PROOFS Throughout this section we let A = (a~)&
E %, and c := )$,. The following formulae for 02, ~3, and cr4 (see [3] and [lo]) are used: 
The estimate in the following lemma is well known as the Jensen inequality (see Lemma 1 of [13] , for example), and will be used in the proof of Theorem 2. (22) and (23), the fact that the sum of convex functions is also convex, and the observation that f(x) = xs is convex on [0, l] for any s 2 2.
Proof of Theorem 2. The proof of Theorem 2 is rather straightforward, but computationally involved. First, we show that the inequality (16) is valid for Ic = 4 and n 2 6. Using exactly the same considerations as in the proof of the Holens-DokoviC conjecture for lc = 4, n > 5 in [lo] (i.e., applying the inequalities (16), (18), (19), and (17) respectively. Since they are positive for n 2 6, we can use the inequality (25) for s = 2 and s = 3. Hence, It follows from Lemma A that for any n > 6 and A E 0, the equality F4(A) = 0 occurs if and only if A = J,. The proof is complete.
For the proof of the inequality (13) for cy E [0.43, l] the following lemma, which is verified by straightforward computations (see also [17] , for example), will be useful. LEMMA B. If X is an arbitrary n-square matrix and s is a scalar, then
&%,(X) + skCQ(&). (26)
In particular, C72(sJ, + X) = 02(X)
and
Using (29) -3a") . Now, using (22) and (23) ??
4. REMARKS
1.
The following conjecture of Wang is known to be true for n = 3 (Wang [21] ) and n = 4 (Chang [2] ).
CONJECTURE (Wang [21]). The inequality per ( n:lF) 5 per(A)
holds for all A E Cl,.
We propose the following generalization. Conjecture 2 is clearly weaker than the Holens-DokoviC conjecture and is true for k 5 4. This follows from Theorem 1 for k = 2 and for k = 3, n 2 4, from Theorem 2 for k = 4, n 1 5, from Wang [21] for k = n = 3, and from Chang [2] for k = n = 4. Also, Theorem 3 (see also (151) implies that Conjecture 2 is valid for normal A E 0, whose eigenvalues all lie in the sector [-vr/2k, r/2k] of the complex plane.
2.
Using (22) and (23) is convex on 0, for n 2 5.
3.
Even though the permanent function is not convex on s1,, n 2 3, there is hope that it is convex on some subset(s) of 0,. In fact, this is the case for @ C !&, where 52: denotes the set of all matrices in R, with zero main diagonal. Indeed, if A E slg, then ali = uzz = ass = 0, ai2 = azs = usi = Z, and uis = a21 = u32 = 1 -x, 0 2 x I 1, and thereforeper = $Ca$-~Cc$+~ =3x2-3x+l.Sincef(x) =3x2-3x+1 is a convex function, convexity of per(A) on @ follows.
4.
We propose a different (short) proof of the following lemma, which is the main auxiliary result in [8] . Proof. Using (27) and (28) The last inequality is the Holens-DokoviC conjecture for Ic = n = 3, which was proved by DokoviC [3] . It was also shown in [3] that equality is attained if and only if A = J3 or A is a permutation of (3Js -&)/2. 
